LATTICE INVARIANTS FROM THE HEAT KERNEL 

JUAN MARCOS CERVINO AND GEORG HEIN 



Abstract. We derive lattice invariants from the heat flux of a lattice. Using systems 
of harmonic polynomials, we obtain sums of products of spherical theta functions which 
give new invariants of integer lattices which are modular forms. In particular, we show 
that the modular forms 0„„.a depend only from lengths and angles in the lattice. 

1. Introduction 

For a lattice A C E" one of the most important invariants is its theta function 0a. This 
function does not determine the lattice. We want to describe and illustrate a way to 
derive more lattice invariants from the heat flux of the lattice. The first idea is to apply 
the heat flux to the lattice A considered as distribution on functions on E". In doing so, 
we obtain a function ft = ft,K '■ x E" — M. Secondly, we try to deduce invariants from 
ft which do not depend on the embedding of the lattice. The restriction of / to M"*" x {0} 
is a first such invariant. However it gives essentially the theta function of the lattice (see 
I2.10p . An obvious way to obtain invariants is to integrate products homogeneous parts of 
/ over the unit spehere S*""^ C E". These invariants are denoted by Cfc^^...^^^ (see 12.71) . In 
order to obtain modular forms, we study polynomial differentials of /, in particular for 
harmonic polynomials (see Proposition 12.51) . Whenever we find an invariant sum of such 
products (which we call a harmonic datum), then we obtain an invariant modular form 
(see Proposition 12.91) . Thus, we need a construction for harmonic data. We illustrate 
how the invariants Cfc^^...^fc^ can be used to construct harmonic data in Section [3] where we 
construct the harmonic data pu and P22 for lattices in E^. Seeing the results we obtain 
from these data (cf. Corollaries 13.31 and 13. 5p it is not hard to show that for a lattice 
A C E^ of level the holomorphic function 

0nn,A(r) = (cos(2nZ(7,5))||7ll'"||5||'") q^^W'^^'W" with q = exp{2mT) 

(7,(5)gAxA 

is a modular form with integer coefficients of weight 4n + 2 and of level A^ (see Theorem 13.61 
for more details). In the final Section H] we start to generalize the modular forms Qmm,A 
to lattices in n dimensional euclidean space E" . In particular we deduce in Theorem 14.21 
a concrete formula for Oh^a which we apply to two isospectral lattices Ai and A2 in E^ 
found by A. Schiemann in |4j. An elementary calculation (see Proposition 14. 4p shows that 
©ii.Ai 7^ 0ii,A2- Thus, the modular lattice invariant Qua can distinguish at least two 
isospectral lattices. 

Notation: By a lattice we mean a free Z module A = Z" with a positive definite quadratic 
form g : A ^ R. A lattice possesses isometric embeddings A — > E*^. Two such embeddings 
differ by an element of the orthogonal group 0(n). The number 5(7) is the length of 7 G A. 
The norm of 7 G A is defined to be | I7I | := a/ q{"y)- 



Date: June 5, 2009. 



1 



2 



JUAN MARCOS CERVINO AND GEORG HEIN 



2. The function ft 

2.1. The heat flux of a lattice. We consider a cocompact lattice A C E" in the n 
dimensional euclidean space. We consider two lattices A, A' C E" to be isomorphic when 
there exists an element (f G 0{n) which transforms A into A', in short A' = (f{A). 
We regard A G D"(E") as a distribution on the Schwartz space S'(E") by 

A(/) = E/(^)- 

Smooth n forms u on E" can be considered as currents [to] G Z}"(E") by [uj]f := J^„ uj ■ f. 
A current [u] associated to a smooth form u is called a smooth current. We want to 
subdue the singular distribution A to the heat flux to obtain a smooth current (A)^ for 
any positive t G M. We follow the approach in [21 Section 2]: 

The Laplace operator is given by: A = — — — j . 



. dxf 
1=1 ' 



For any A;-form / G A (E") we have the heat flux of /: 



Ptif)eA\X)hTa\\teR+ (^^ + A^P,(/) = limP,(/) = /. 

The heat flux of a distribution T G D"'{K^) is defined by 

P,(T)(/):=T(P,(/)). 
If the distribution is smooth, then we have the equality: 

p,(M) = muj)]. 

That is the extension to distributions is compatible with the embedding 74"(E") 
Z}"(E"') and the heat flux on smooth forms. Furthermore, for T = A the heat flux 
smoothes the distribution, that is 

Pt{A) = [ut] for some smooth Ut G y4"(E"). 

Using the explicit form of the heat kernel for a point (cf. ^ Chapter 2]) we can write 
down the heat flux of A directly as Ut = ftdfi, with dfi = dxi A . . . dxn the volume form 
on E", and 



Mx) = (47rt)^ gexp (^^^) 



2.2. ft determines the lattice A C E". Indeed we have on the level of distributions 
\imt^+o[ftdfj] = A. However, the function ft depends on the embedding of A. We try to 
deduce more informations by considering the values of derivatives of ft along M"*" x {0}. 

2.3. Polynomial derivations. We need the subring A = ]R[xi, . . . , a;„] C y4°(E") of 
polynomials in the smooth functions. We deflne a pairing on 

AxA^E^^R (P,/) = P(^A,..._^^/|„. 

Note that the pairing is also well deflned when P is smooth and / is a polynomial. We 
have the following properties of that pairing: 



LATTICE INVARIANTS FROM THE HEAT KERNEL 3 

(i) The pairing is bilinear. 

(ii) The pairing is symmetric, in the sense that (P, /) = (/, P) whenever one side 
is defined. 

(iii) the restriction of ( , ) to A x A is positive definite. 

(iv) The monomials form a orthogonal (not orthonormal!) basis. 

(v) For two polynomials P, Q G A we have (P ■ Q, /) = (P, Q [-i;. ■ ■ ■ ^) f) ■ 
For any P G A we obtain with (P, ft) a smooth function (P, ft) : M"*" — M. 

Lemma 2.4. For the 0{n) -invariant polynomial := Yll=i have 

(r'\ft) = Q^jm- 

Proof. Having in mind, that ft is the heat fiux of A, that is (A + -^ijft = 0, we get 

Now the assertion of the lemma follows from 12.3] (v). □ 

So evaluation of 0{n) invariant polynomials P = ^jOj?"^* gives only expressions of type 
'^iO'i§^ft{^)- After having seen what {r'^^ , ft) is, we study the pairing (h, ft) for homo- 
geneous harmonic polynomials. We have the following result: 

Proposition 2.5. If h E A is an homogeneous harmonic polynomial of degree d, then 



(2t)'^(/.,/,) = (47rt)^5^M7)exp 

7eA 



|7| 



4t 



In order to prove this proposition we need an auxiliary result: 

Lemma 2.6. Let h be homogeneous polynomial of degree d, a E C* a number and f = 
/(xi, . . . , Xn) = exp (l ■ J2i=i ^1) ■ Then we have an equality 

Proof. We have to prove the lemma only for h a monomial. We proceed by induction on 
the degree of h. For deg(/i) = 0, the statement is obvious. Suppose the assertion holds 
for h' of degree d — 1. We set h = Xih'. An direct calculation shows that 

A(h) = XiA(h') - 2^h' . 

OXi 

Since A and commute we deduce from that formula inductively that 
(1) /\\h) = xA\h') - 2k-^/\^-\h') 

OXi 

holds for all integers k>Q. Now we compute using the induction hypothesis, the Leibniz 
rule, and equation (1): 



^'(j:,>oilt)'h^'ih)).f. □ 
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Proof of Proposition \2.5[ Setting a = ^ in Lemma 12.61 we obtain that 



Setting Xi = Xi — for some 7 = (71, ... , 7„) G A this reads 

d d \ f-\\l-x\\'^\ /-iV,. X f-\\l-x\ 

exp = — h{xi-'yi, . . . , x„-7„) exp 



Multiplying this equality with {Airt)^ and summing up over all 7 G A yields the statement 
of the proposition when specializing to x = 0. □ 

2.7. Definition of the Cki,k2,...,km- order to find an invariant we first decompose the 
function ft by in its homogeneous parts /t = /o + /i + • • • with 

J n n 

fk= ^ ai— where for / = (ii, ^2, • • ■ , in) /! := Y\. ^ '■=W^m ^ and 

/CN",|/|=2fc ■ m=l m=l 

-I I f\- 

dxl^dxl^'" dxl-^'^''=' 
These polynomials are of course not invariant but the integrals of their products 

Ckl,k2,...,km ■~ I fkl ' fk2 ■ ■ ■ fkm^fi 

are. Here dfl denotes the normalized 0(n) invariant measure on 5*"^^ such that Jg„-i dp, = 
1. We restrict to the parts of even degree because the parts of odd degree vanish for ft 
being an even function. We will see that the Cki,k2,...,km can be expressed as products 
of expressions of type {h,ft). The decomposition of a polynomial f E A into a sum 
f = hn + + + . . . with hi harmonic will allow applications of the following: 

2.8. Spherical theta function principle. We want to compute these invariants and 
relate them to modular forms for integral lattices. Here we call a lattice A C E" integral 
when II7IP G N for all 7 G A. Such a lattice has a level G N and a discriminant D (cf. 
[5], Chapter 3.1]). For an homogeneous harmonic function h on E" of degree d we have 
the spherical theta function Qh,A defined by 

e^,A(r) = /^(7)g"^"' , q = exp{2mT). 

These spherical theta functions are modular forms of weight | + c?, level N, and character 
(— ) (see again O Chapter 3.2]). 

Definition. An harmonic datum p = ((/ijj)j=i,..,m j=i,...,fc) for lattices in E" consists of 
harmonic homogeneous polynomials hij of degree di on E", which define a map 

p : {lattices A C E"} {smooth functions M+ ^ C} A t-^ p{A) 

km f \\ \\'^\ 

by p{A) := Ylihij, ft,A) where ftA^) = (4vrt)^ ^ exp ( — j , 

j=i i=i 7eA ^ ^ 

which satisfies p(A) = p{(p{A)) for all ip G 0(n). The sum d = Yl^i^i is called the 
degree of the harmonic datum. The harmonic datum is called even (resp. odd) when m 
is even (resp. odd). 
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The connection between harmonic data and invariant modular forms is given the by the 
following proposition. 

Proposition 2.9. Suppose we have a harmonic datum {p, (/iij)i=i,..,m j=i,...,fe) for lattices 
in E" of degree d. Then for any integral lattice A cEP of level N the modular form 

k m 

j=i i=i 

is invariant under 0{n). Qp^a{t) 'is a modtdar form of weight ^ + d, and of level N. If 
the harmonic system is odd, then Qp^A^r) has character (— ) with D the discriminant of 
the lattice. If it is even, then Op.A(r) is a modular form for the trivial character. 

Proof. First we remark that G^^a being a sum of products of modular forms of level is 
a modular form of level and the stated weight. Likewise we see that it is a modular 
form of character (— ) . Thus, it remains to show that Qp^A is invariant under 0(n). 
We start with calculating p{h){t) using Proposition 12.51 

km km 
j = l i=l j = l i=l 7SA 

Since the di sum up to d we get 

k m / 1 1 1 1 2 \ 

j = l i = l ■y^A ^ ^ 

is a lattice invariant. However, this is the value of Qp,A (g^); so by the identity theorem 
for holomorphic functions the values of the modular form 0p a along the imaginary axis 
determine this function. □ 

2.10. Example: The theta series. The function /t(0) = (47rt)^ ^^P(~l l^l 1^/^^) 

is a lattice invariant. The theta function of the lattice A is 

Qa{'t) '■= exp(27rir| I7I p). 
So up to the scaling factor (Ant)^ the theta function 6a (g^) gives /t(0): 

/,(o) = (4.t)^e. . 

Vice versa, from ft{0) we can extract the values of 0a along the imaginary line, which 
determines 0a by the identity theorem for holomorphic functions. 

Setting hii = 1 we obtain a harmonic datum (/t(0), 1) of degree zero with m = k = 1. 
This harmonic datum yields the theta function of the lattice up to the factor (47rt)2". 
We show in the sequel that we can build more harmonic data from our lattice invariants 

^ki,...,kr • 

3. Lattices in 

3.L Preparations. Let A C E^ be a fixed lattice. From Corollary I A. 21 we deduce the 
following table of integrals which will be useful for the coming calculations: 
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/51 ^o^idfj, = /51 ^O^P' = 128 

By definition cq = /f(0) = -^^-^^f^, so we see that cq is essentially the theta function of 
the lattice. Next we compute 

4ci = 4 j ^^20^ + aiixy + '^02^^ dji = 020 + ao2 • 

Thus, we obtain ci = I^cq. This is a general pattern: C2 = ^^cq, C3 = 2^^'^o, and 
in general c„ = ^;r^^Co. 

3.2. The harmonic datum pu for lattices in E^. We start with the computation of 
the lattice invariant Cn: 

32ci,i = 32 y ( a20Y + ana:?/ + ao2Yj '^^ 

= 8020 + 3ao2 + 4af 1 + 2a2oao2 

= 2(020 + 002)^ + 4afi + (a2o - 002)^ 

The function pn = 32cii — 32ci is obviously a lattice invariant, and gives a harmonic 
datum: 

Pn = MxqXi, ftf + (xq - xl, ftf 
This harmonic datum yields by Proposition 12.91 

Corollary 3.3. For any integral lattice A C of level N the modular form 

011,A = 40^oa.j_A + 0^2_^2 

of weight 6 and level N is invariant under the 0(2) action on the embedding A ^ E^. // 
we write 0ii,a(t) = Ylnm'^n^^ ^^^^ ^ ~ exp(27rzr), then the a„ are given by 

J2 cos(2Z(7,5))||7iri|5|r. 

(7, (5) e A X A 

\h\\^ + m\^ = n 

Proof. The only thing which remains to be shown is the formula for the a„. This is the 
result of a straightforward calculation, where we expand 49^„_,, a and 9^2 2 a as sums 

over A X A, and check that the summand of gllTll^+H'^ll^ is cos(2Z(7, (5))||7|p||(5|p for each 
pair (7, 5) G A X A. See the proof of Theorem 13.61 for this calculation. □ 

3.4. The harmonic datum ^22 for lattices in E^. We start with a decomposition of 
C22 into three summands 

73728c2,2 = 6a4oao4 + 86031013 + 60022^04 + 60040022 + 108o22^+ 

+8O0132 + 35o4o^ + 35oo4^ + 80031^ 

= P22 + Si + S2 

with P22 = (^40 - 6022 + a-04)^ + 16(031 - 013)2 

51 = 18(040 + 2022 + 004)^ 

52 = 16((o2o + ^02) o (^20 - ao2)Y + 64((o2o + 002) o ctii)^ 

If we can show that Si and S2 are invariant under the 0(2) action, then it follows that 
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P22 is also invariant under that action. However, we see that si = 73728c2, which is an 
invariant. Next we see that 

S2 = 16 (4(xoXi, + {xl - xl ^tf^ . 

As we have see before Corollary 13 . 31 this is also invariant under the 0(2) action. Eventually 
we come up with a further harmonic datum: 

P22 = {xq - 6x1x1 + xl, ftY + 16(xoXi(a;o - x\), ftf . 
Using this harmonic datum gives by Proposition 12.91 

Corollary 3.5. For a integral lattice A C the modular form 

of weight 10 is invariant under the 0(2) action on the embedding A ^ E^. The q- 
expansion c»/922,a = J2n>i^n(l^ given by 

E cos(4Z(7,5))||7in|5|r- 

(7, (5) e A X A 

M?+m?=n 

Proof. It is enough to derive from the expression e22,A = ©^g-exgz^+xf ,A + '^^^lox^{xl-xl),A 
the stated g-expansion which is an elementary calculation. However, since this is a special 
case of Theorem 13.61 we omit the proof. □ 

Theorem 3.6. For a positive integer n E Z, we take the two harmonic polynomials 
hi{x,y) = Re((x + iyY"^), and h2{x,y) = Im((x + iyY^) of degree 2n. For any inte- 
gral lattice A C E^ of level N there is a O [2) -invariant modular form 

of level N, and weight 2 + An. Its q-expansion 6„„^a(t) = X]n>o'^"5'" ^'^ given by 

J2 cos(2nZ(7,5))||7ir"||5|r". 

(7, (5) e A X A 
||7||2 + ||5||2 = n 

Furthermore, Qnn,A ^ (4g^'^) C '^[[q]] where k is the first minimal length of the lattice. 
Proof. We compute the g-expansion of Qnn,A- 

QnnAir) = E (/ii(7)/^i('5)+/i2(7)/^2(5))gll^ll'+ll^ll' 

(7,(5)eAxA 

J2 (Re(72")Re(52n) ^ j^^^2n) j^^^2n))^||7|P+||5|P 
(7,<5)eAxA 

Y: (Re(72"52n)) g||7lP+ll<5|P 
(7,(5)eAxA 



E (Re h^) rrs'^sA gll^H^+l 



(7,(5)eAxA 

E (cos(2nZ(7,(5))||7||2"||5||2«)glHP+l|5|P 

(7,(5)eAxA 

We deduce from this form of the g-expansion that Oq = cti = ■ ■ ■ = 02^-1 = 0, and that 
0nn,A does uot depend from the embedding A C E^. It remains to demonstrate that 
On e 4 Z. 

To show this, we use from the above deduction that a„ = X](7<5)eAxA Re(7^"5^") where we 
sum over all pairs (7, 6) with | I7I P + 1 15| P = n. The symmetric bilinear form ■?/' : A x A ^ M 
with 6) := Re(7(f) satisfies 7) G Z because A is integral. Thus, 6) G hZ. We 



8 JUAN MARCOS CERVINO AND GEORG HEIN 

deduce that for 7, 5 G A the element x := 7^ satisfies a quadratic equation x^— 61X+62 = 
with bi = 2Re(7(f) e Z, and 62 = IItIPII'^IP ^ ^- Thus, x is an integer in a (at most) 
quadratic field extension K/Q. Consequently, x^" is an integer in this field K which 
implies 2Re(7^"5^"') G Z. If 7 7^ ±5, then the summand Re(7^"'(5^") appears eight times 
in Qn, namely from the pairs (±7, ±5) and (ib5, ±7). If 7 = ±6, then Re(7^"(f^"') is an 
integer and appears four times. □ 

Example 1. Some invariants for the lattice A associated to q{x, y) = x"^ + y^. 

Q^{t) = l + 4g + 4g2 + 4g4 + 8g5 + V + V + 8gi° + 8g^3 + V6 + 8gi^ + ... 

622,A(r) = 16(g2-8g3 + i6g4 + 32g5_ i5gg6^^^2g^^ 256gS- 576g9 + ...) 

844 A(r) = 16(g2 + 32g3 + 256g^ + 512^5 + 6084g'5 - 33728g^ + 65536g^ + ... ) 

eii^A(r) = = e33,A(r) 

Example 2. Some invariants for the lattice A associated to q{x, y) = x'^ + xy + y"^. 

Q^[t) = 1 + 6g + 6g3 + + 12g^ + 6q^ + 6q^^ + I2q^^ + 6q^^ + 12q^^ + ... 
e33,A(r) = 36(g2 - 54g^ + 128?^ + 729?^ - 3456g^ + 3524gS + 16902gi° + . . . ) 
eii'A(r) = = e22,A(r) = e44,A(r) 

4. The harmonic datum pu for lattices in E" 

4.1. An explicit formula for cn and definition of pn. Let A C E" be a lattice. As 
explained in 12.11 the heat fiux of the distribution A is given by c<jA,t = ftdxi A . . . dxn with 

/ lU ^,I|2" 

ft{x) = (47rt)^ ^exp 

7GA 

The value of /t(0) is the first lattice invariant. To derive the lattice invariant cn we need 
the second Taylor coefficient of ft in zero. We write it in the following manner: 



— I |a; — 7| 
It 



ft,i — ^ -^x'^ + ^ bijXiXj 

i=l l<*<i<" 

where a, = -^ft\x=o and bij = -£r^ft\x=o- The invariant Cn is defined to be the integral 
Cii := Jgn-i flidfi- 

As a preparation we compute Ci := J^n-i ft,idfi- Using the integral formulas fg„-i x'jdjl = 
^ and /^n-i XiXjdp, = (cf. Corollary IA.2P we see that 

^ A _ -1 A ^ I _ 1 I 

i=l 

We need the following integrals from Corollary IA.2I 

xfdp, = — — , / xlx^Ap, 



jn-i * n(n + 2) ' Js^-i ' ^ ^ n{n + 2)' 

Having in mind (Corollary IA.2I) that the integrals of homogeneous monomials over S^~^ 
vanish if an odd exponent occurs we find the following: 



n 



4n(n + 2)cn = 4 ^ 52+3^^2^2 

l<i<j<n i=l l<*<i<'^ 



l<i<j<n 1=1 i=l j=l 
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We want to express cn in terms of differential operators which correspond either to 
harmonic polynomials or to r := ai + 02 + ■ ■ ■ + a„. This r corresponds to —A, as 
r = — A(/)|2,=o- So we introduce the harmonic polynomials hi = nai — r. Using the 
obvious equality ^27=1 hi = we obtain: 



l<i<j<n i=l i=l j=l 

n n n 



l<i<j<n i=l 1=1 j=l 

' n \ 

l<i<j<n i=l / 

So the invariant Cn decomposes as Cn = 2n3(n+2) Pii "^^^ second summand cor- 

responds to cl = (2^^/t|x=o)^- Hence, the first summand is also invariant. It yields a 
harmonic datum: 

n n 
l<i<j<n i=l l<i<i<" *=1 

Remark. Note that for ri = 2 we have hi = — /12, so hf = h\. Thus, in this case we 
have pn = 2 (4 (^^fe/^l-o)' + ((^ - a| )/tU=o)') • Up to the factor 2 this 
harmonic system from 13.2] 

Applying Proposition 12.91 we obtain the next result: 

Theorem 4.2. Let A C E" he an integral lattice, of level N . The modular form 

\l<i<j<n / i=l 

is independent from the embedding A ^ E". 0ii,a is a cusp form of weight n + 4 0/ level 
N. Its q- expansion is given by 



IS our 



0ii,a(i") = E^™^" ^^^^ am = ^^ E l^^^'^iAl^^)) - -j 



|7| 



"i>0 (7,6) e Ax A 



||7||2 + ||<5|P = m 



VFe have Qu^a G {2nq'^) C wi/i /c i/ie /irst minimal length of the lattice A. If n is 

even, then 0ii,a G {Anq'^) C Z[[g]]. 

Proof. On the one hand, when considering the g-expansion it is obvious that Oii,a is 
invariant under the 0(n) action. On the other hand, being a sum of squares of modular 
forms of weight f + 2 forces Oii,a to be a modular form of weight n + 4. Thus, even though 
0ii,A comes from a harmonic datum, all we have to do is to show that the modular form 
has the stated g-expansion. 



0ii,A(r) = E E ^^^^S^5^ + Y.{ni',-U?){n5^-\\5\\'')]q 

(7,<5)eAxA \ l<«<j<n «=1 



n n 



(7,(5)gAxA Y i=lj=l 

= E (^'(7,'^)'-^ii7ini^ip)gii 

(7,(5)gAxA 
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Now the definition of tlie cosine gives tlie formula for tlie g-expansion. From this formula 
we conclude that Oq = ai = ■ ■ ■ = a2k-i = 0. In order to prove that e 2nZ we consider 
the sum 

(7, (5) e A X A 
||7||2 + ||5||2 = m 

Since A is integral we have n(7,5)^ G (respectively in when n is even). If 7 7^ 
±5, then the eight pairs (±7, ±6) and (±5, ±7) in A x A give the same contribution 
(77,(7, ~ I I7I PI l*^! n to a^i- If 7 7^ ±(5, then (7, S) is an integer and the integer summand 
(77(7,5)^ — ||7|p||5|n appears four times. □ 



4.3. Example: Computing On a for two isospectral lattices in dimension four. 

We consider the two integral lattices Ai and A2 in which were investigated by A. Schie- 



/ 4 2 



Ai = - 
2 



v 
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10 
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Schiemann showed in his article that these two lattices are not isometric even though they 
give the same theta function 6(r) = 6A^(r) = 0a2(t) which he determined to be 



e(r) 



l+2g2+4g4+6g5+10g'^+6g^+12gS+6g^+6g^°+8gi^+10g^2_^8g^=^+10g^^+22g^^+. 



Proposition 4.4. We have an inequality Qu^a-^ ^ 0ii,A2- Thus, the modular forms Oh^Ai 
and 011 A2 of level 1729 and weight eight distinguish the two isospectral lattices Ai and 
A2. 



Proof We need embeddings of Aj 
upper triangular. We obtain 



^1 



1 

V2 



/ 2 





We choose a decomposition Ai = Si ■ Si with Si 
\ 



1 








7 

v^427 
7 





1 

2 

14 

67^427 
854 

V105469 
122 



The column vectors {7j}i=i,2,3,4 of the matrix Si generate the lattice Ai. From the theta 
function we see that there are two vectors of norm \/2 (±71), and four vectors of norm 
two (±72, and ±(71 —72))- Fortunately, these six lattice vectors are enough. We compute 
now in the ring A = '^[[q]]- The six spherical theta functions QAi,xiXj for i < j have zero 
coefficient at g^. Since there are no lattice vectors of norm a/3 we find ©Ai.XiXj € (q^)- 
Thus, we deduce Q\^^xiXj ^ ' ° 



Considering the lattice vectors of norm at most 2, we see 



e 
e 





Ai,4a;f-{a;2+a;2+a;2+a;|) 

Ai,4:xl-{xf+xl+xl+xl) 
Ai,4:xl-{xj+xl+xl+xl) 



lq^ + 



12g2 

-4g2 + 40g^ + . . . 
-4g2 - 16g4 + . . . 
-4g2 - 16g4 + . . . 
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Taking the squares of these equations we obtain 

144g4 - 192g6 + . . . 
16g^ - 320^*^ + . . . 
16g^ + 128g6 + . . . 
16g^ + 128g6 + . . . . 

Summing up these four squares we obtain that 

eii,Ai(r) = 192g^ - 256g6 + . . . . 
We repeat this construction now with the lattice A2. In this case we find 



P)2 
92 

^Ai,4x|-(xf+x|+z2+x|) 
92 

^ Ai,4xl-{xl+x^+xi+xl) 
P)2 

^ Ai,4xl-(xl+x'^+xl+xl) 



So 



1 
71 



/ 2 








2^2 





1 

2 

V2 
4 

v^T22 
4 





1 

2 

-V2 

9VT22 
122 

V105469 
122 



\ 



The vectors of norm 1/2 are ±71, whereas the vectors of norm two are the four vectors 
±72, and ±73. Again, we have G (g^) for i < j. As before we compute 



e 
e 
e 
e 



A2,Ax\-(xl+xl+x'l+xD 
A2,4xj-{xl+xl+xl+xl) 
A2,4x§-(xf+z|+x§+x|) 
A2Axl-(x'l+xl+xl+x\) 



12g2 - 15g4 + _ _ _ 
-4g2 + f g4 + . . . 
_4g2 + + _ _ 

-4g2 - 16g4 + . . . . 



Eventually, we obtain 0ii,A2(r) = 192g^ - 480g6 + • ■ ■ ^ 0ii,Ai(^) 



□ 



Remark. To see that the two modular forms are different it is enough to compute up to 
the first Fourier coefficient which is different. Anyway, using a computer we can give more 
coefficients: 

192g4 - 256g*^ - 896g^ + 1120^^ - 2848^^ + 3024gio - 2112g"+ 

+13536gi2 _ 4064gi3 _ 16272^^^ - 4544^1^ + . . . 
192g^ - 480g6 - 608g^ + 736^^ - 1312^^ + 3216g^° + lOSGg^^- 

-2048gi2 _ 2624gi3 + 2896^^^ - 12288^^^ + . . . 



0ii,A,(r) 

011,A2(^) 



Appendix A. Integrating polynomials on spheres 

Let / G ]R[xo, xi, . . . , be a polynomial. We need the integral Jg„ fdfi for further 
computations. Here dfj, denotes the standard 0{n + 1) invariant measure on 5". Since 
we easily can decompose / into its homogeneous components, it is enough to consider 
homogeneous polynomials /. Here we have the following result: 

Proposition A.l. Let f G ]R[xo,a;i, . . . be an homogeneous polynomial of degree d. 
If d is odd, we have that fdfi = 0. If d = 2k is even, A^/ is a real number, and we 
have 



fdfi = CdA f with Cd := ad- 



[n + l)'7r"2^ 

r(^) 



, and a2k ■'- 



1 



Proof. We start with the following observation (see Exercise 33 on page 550 in [3]): / can 
be uniquely decomposed 

f = Y,r'hd-2i 

1=0 
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where r = X^ILo-^? ^« homogeneous harmonic polynomials of degree i, that is 

Ahi = 0. The mean value principle and the fact that r is constantly one on S'^ together 

n+1 



with the fact that the volume of S'" is ^ T,,i+3\ • yield 

V 2 ' 



{n+l)7r" 

d/2 / 1 \ f^/^ 



Now the value of an homogeneous polynomial at zero is zero, unless the degree of the 



n + 1 



polynomial is zero. Thus, we deduce that L„ fd^ = '^o- This, shows that 

i (, 2 ' 

integration of homogeneous polynomials of odd degree gives zero. Next, we show (by 
simple and straightforward differentiation) the following equality for any homogeneous 
harmonic polynomial h: 

A(r'"/i) = {-2m){n + 2m + 2 deg{h) - l)r'™-^/i . 

In consequence we have A'^r'^ = (— 2)^A;! nm=i(^ + ~ 1) = ^5 A''r"^h = for 
m < k and h harmonic. We deduce that A'^f yields which finishes the proof. □ 

n+3 \ 

We need concrete formulas for the normalized measure dfc = ^ „+i d^. This measure 

(n+l)7rT~ 

is 0(n)-invariant and has the property that djl = 1. As an application of the above 
Proposition lA.ll we obtain: 

Corollary A. 2. For the monomial f = Xqx]^ ' ' '^^n degree d = io + ii + ■ ■ ■ + in we 

have the equality 

at least one of the ik is odd. 



fdn 




all the ik are even. 
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